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The problem regarding the distribution of temperatures is solved for 
the case of a layer in which a combustion front is moving at a constant 
speed, said front caused by the burnout of a fuel uniformly distributed 
through the layer. 

We a re  deal ing here  with a p rob lem that is cha r ac -  
t e r i s t i c  of the heating of an a g g l o m e r a t e d - c h a r g e  layer  
in which a r e l a t i ve ly  uni formly dis t r ibuted solid fuel 
burns out with the passage  of t ime.  

Before  the onset  of fuel combust ion,  the layer  is 
f i r s t  heated by a cons t an t - t empe ra tu r e  gas over  a c e r -  
tain per iod of t ime adequate to achieve the stable igni-  
tion of the fuel and to heat the layer  through a spee i -  
f led depth. Subsequently,  f rom the instant  of t ime 
taken as ze ro ,  a i r  at a t e m p e r a t u r e  T O is passed  
through the layer ,  and it is in this flow of a i r  that the 
fuel is burned. The combust ion front  of the fuel moves  
through the layer  at a constant speed w e in the d i r e c -  
tion of the air  flow. 

The speed of motion for the combustion front  and 
the law of heat genera t ion  in the combustion zone a re  
functions of the concent ra t ion  of the r eac t ing  gas and 
of its veloci ty ,  of the fuel concentra t ion in the layer ,  
of the t empera tu re ,  e t c . ,  and they can be de te rmined  
by solving a sys tem of heat -  and m a s s - t r a n s f e r  equa-  
tions. However ,  this is an e x t r e m e l y  complex prob-  

lem. Here  we will  cons ider  a s imp le r  case  and, namely,  
the ease  in which the ve loc i ty  of the combust ion front  
and the hea t -genera t ion  law in the combust ion zone 
a re  specif ied.  

w Le t  us f i r s t  cons ider  the case  in which thewidth 
of the hea t -genera t ion  zone is equal to ze ro ,  i oe . ,  the 
fuel burns out instantaneously.  In this ease ,  the ini t ial  
t e m p e r a t u r e  of the m a t e r i a l  is equal to zero .  We will  
reckon the coordinate  for the height of the layer  f rom 
the point at which the a i r  en te r s  the l ayer  (x = 0). 

To d e t e r m i n e  the t e m p e r a t u r e s  of the gas and the 
m a t e r i a l  in the layer ,  we have the following sys tem of 
equations: 

07" OT 
- -  fog pg ~ - -  leg pg V Ox - -  

= a o ( r - - t ) - - Q ~ k ~  T - -  , (1 ' )  

p c ( l - - D  O___~t = a o ( T - - t )  (2') 
0 ,  

with the boundary conditions 

x = O ,  T = T o ,  

~:=x/v, t = 0 .  (3') 

It is a ssumed in the formula t ion  of the p rob lem that 
the longitudinal heat  conduction is negligibly smal l .  

This  condition is not always sat isf ied.  If the m a t e r i a l  
is f inely d i spersed ,  we can apparent ly assume that 
T = t, but the longitudinal heat conduction in the m a t e -  
r i a l  cannot be neglec ted  [1]. M o r e o v e r ,  we a s sume  
that the volume of the gases  in passage  through the 
combust ion zone does not change, and that the p o r o s -  
ity is constant in t ime and through the height of the 
layer .  In f i r s t  approximat ion these conditions are  ac -  
ceptable,  s ince it is a s sumed  that the quantity of fuel 
in the l ayer  is smal l  in volume (for example,  for  an 
agg lomera ted  charge  the quantity of fuel in the layer  
does not exceed 10% by volume).  

Let  us in t roduce new va r i ab le s  and, namely,  we 
will  reckon the t ime at each point through the height 
of the layer  f rom the instant at which this point is 
reached  by the gas en ter ing  the layer  at the instant 
"r=O: 

X 
~1 = T - - - - .  

O 

The sys tem then a s sumes  the fo rm 

OT Vgpgfv 
m 

OX % 

E (1 1)1 = T - - t - -  Q~k 6 z~ - -  x . (1) 
(1"o Wc V ' 

Ot p c ( l - - f )  = T - - t  (2) 
(~ T 1 (1 v 

with the boundary conditions 

' h :O,  t = O ,  

x = 0 ,  T - . T  o . (3) 

We will apply the Laplace  t r a n s f o r m  with r e s pec t  
to ~1; we obtain the images  

dT VCg pg f 
- -  _ _  = 

dx a v 

----- T - - t - -  Q~k exp - - x  - - ~  s 

s}- p c  (1 - - D  = T - - t .  
(2 v 

Let  us turn to the new va r i ab l e s  

(iv X (iv q~l y - - ,  Z-- 
VCgpgf pc(1 --f) 

The  solution of sys tem (4) for  T will  be 

~" T~ exp ( - -  y + Y ) 
= s  g ~  + 

(4) 

(5) 
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Fig. 1. Temperature  distribution of gas (1) 
and mate r ia l  (2) along bed height  at  various 
t ime  instants at N > 1 (a) and N < 1 (b) (fig- 

ures on curves show value of  z). 
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Fig. 2. Temperature  distribution of gas (1) and mate r i a l  
(2, 3) along bed height (N < 1): 1, 2) regular heat  gen-  
erat ion (~0(8) = 1/& i); 3) heat  generat ion according to 

2 
the law ~(~) = - 7 -  ,~ 

o7 
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QC k 1 + s 
+ p c ( l - - f )  (Ns--1)(1 + s ) + l  X 

• [exp ( - - g  + l ~ s )  - -  exp (--  gNs)] , 

where 

N =  vcgpgf _( 1 _1 ~ . ~  vC~pgf _ lrr 

pc(l  - - f )  \ we v ] pc(1 - - f )w c W m ' 

since v >> w c. 
Hence we can see that the solution is  the sum of two 

solutions,  one of which is the solution for the problem 
re la t ing  to the heating of a nonmoving layer  by a gas 
with an ini t ial  zero t empera tu re  To; the second solu-  
tion is the one formulated for the problem involving 
a gas t empera tu re  equal to zero at the inlet.  

Since we know the solution of the f i r s t  p roblem [2], 
we wilt seek the p re image  only for the second t e rm 

(T2; t2). 
After  s imple  t r ans fo rmat ions ,  for this we will ob- 

tain 

{if Q~k exp (-- -c -- g) 
T2 p c ( l  - - [ )  N - -  1 ~- (6) 

1)1] i -  W exp - -  y N 

+ - -  N2(I - - N )  X 

X I o (2 ]/-y-~) d �9 - -  

- -  ao (Z - -  y N )  N ( N  - -  1) : + 

+ exp (--z  - -  g) I~ (21/-~)} . 

Here c%(z - yN) is the unit impulsive function [3] 

{~ for z<gN, (7) 
a0 (z - -  gN) = for z > vN.  

We see f rom (6) that the gas t empera tu re  exhibits 
a discontinui ty at the point z = yN. Exper ienc ing  a 
r i s e  in t empera tu re  i n passage through the charge 
layer and cooling off after passage of the combustion 
front through the layer, the gas exhibits a jumpwise 
rise in temperature at the front by an amount QClk/ 
/ p c  (i -])N, and the temperature of the gas then falls, 
since the heat is expended on the heating of the charge 
approaching the combustion front. 

The temperature of the gas at the combustion front 
(after the burning up of the fuel) will be 

Q~k 
r 2 =  p c ( l - - t )  x 

(8) 

{if zl exp -- I: 7V 

• N--I  

exp( - -  Z N - - z )  ] 

N 2 ( N  - 1) 
)< 

N ? 

It can be demonst ra ted  that as z approaches inf in-  
ity the t empera tu re  of the gas at the combust ion front 
is given by 

lira T = Q~ . 1 , (9) 

N~>I 

D c 1 
limT = "" 
z-~ pc( l - - f )  N(1 --N) 
N~I  

(lO) 

It is easy to see that these t empera tu re  values c o r r e -  
spond to the conditions of a s teady-s ta te  counterflow. 

Let  us now de te rmine  the t empera tu re  of the mate -  
r ia l ,  For  this we will use Eq. (1), but in d imens ion-  
less  form 

aT = T - -  t O~k 6 (z - -  wN). (1") 
ov p c(l --f) 

Here we employed the proper ty  of the delta function 
[4] 

8 (ax) - 6 (x) 

lal 

In the different iat ion of Eq. (8) we used the formula  

a o (z - -  gN) = - -  N 5 (z ~ gN). 
dy 

Final ly ,  for the charge t empera tu re  we have 

Q~k 

& -  p c ( 1 - - h  • 

• {f [exp(--g--N__l *) + exp 
- - y - - z - - ~ -  

N ~ (t - -  N) X 

X I1 (2 grg-~ -) T d �9 + 

+ exp (--  g - -  z) I 1 ( 2 ] / ~ -  /- [ /  z -  
N v 

- - %  (z - -  g N )  N ~ 1 

We see f rom this express ion  that the c ha r ge - t em-  
pe ra tu r e  function is continuous,  s ince the mul t ip l ie r  
for %(z - yN) at the point z = yN vanishes.  

The r e su l t s  f rom the numer ica l  calculat ions  of T2 
and t 2 for N > 1 and N < 1 a re  shown in Fig.  1. 

w In actual  p roces se s  the l ibera t ion  of heat does 
not occur ins tantaneously ,  but in proport ion to the 
burning out of the fuel par t ic les .  Consequent[y, the 
combust ion (heat generation) zone is finite in width 
(A). 
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The solut ion of this  p r o b l e m  may be r e g a r d e d  as  a 
supe rpos i t ion  of so lu t ions  with s o u r c e s  in the fo rm 
of de l ta  funct ions which depend on the v a r i a b l e  3, with 
r e s p e c t  to which the summat ion  ( integrat ion)  is  c a r -  
r i e d  out. 

Thus we f i r s t  have to f ind the solut ion of the fo l low-  
ing p r o b l e m  (we wr i t e  the equat ions in d i m e n s i o n l e s s  
f o r m ) :  

OT = T - - t  Q~k 6 ( z - - y N - - ~ N  O, (12) 
Ov p c ( 1  - - f )  

Z ~ 0 ,  

Ot 
- -  = T - -  t, (2 ~) 
Oz 

t = 0 ,  y = 0 ,  T = 0 .  (3 ~) 

In the fol lowing we will  a s s u m e  that  N 1 ~ N, s ince  
the ve loc i ty  of the g a s e s  is  c o n s i d e r a b l y  g r e a t e r  than 
the speed at which the combust ion  f ront  is  moving.  

Let  us note that the (5-function wr i t t en  in d i m e n -  
s ional  fo rm 

6 ( ~ .  x +  x~ 

ind ica tes  that the heat  gene ra t ion  at the point  x = 0 
does  not begin at  the ins tant  r = 0, but somewhat  l a t e r  
and, nameIy ,  at the ins tant  r = x0/w e. 

On appl ica t ion  of Lap lace  t r a n s f o r m s ,  Eqs.  (12) 
and (2) a s s u m e  the fo rm 

_ d_~_T = T --  t --  O~k exp ( - -  yNs --  [~ Ns), 
dv pc(1 - - f )  

st = T - - t .  (13) 

Having solved (13) for  T, we f ina l ly  obtain 

QPk { exp ( - -  [~ Ns -- yNs) - -  
T -  p c ( 1 - f )  

{ x }-: 
x 1 1 + s  Ns 

(14) 

This  e x p r e s s i o n  d i f fe r s  f rom (5) only in the m u l t i -  
p l i e r  exp(- f lNs) ,  and, consequent ly ,  the o r ig ina l  ( ac -  
cord ing  to the d i s p l a c e m e n t  theorem)  will  be 

z--I~N F . . 
QCk ~ [ e x p  x) 

T(~)- -  p c ( l - - f )  %(z- -~N)  ~--Y-~ -9 
0 L 

+ 
N ~ (1 - -  N) 

x 1o(2 V y x ) d z - -  

- -  co (z - -  ~ N - -  gN) x 

N - - e x p  - - ( z - -gN--~3 N) 1 - - ~ -  

• N (N - -  1) -9 

+ % (z -- [~ N) exp [--  (z - -  [3 N) - -  V] x 

Io (2 V y(z ~ N)) 
• N 

(15) 

If the generation of heat begins at r = 0, i . e . ,  fl = 
= 0, we obtain (6)~ 

However, if the heat generation occurs uniformly 
in a zone of thickness 51 (51 = OZvA/vegpgf) ! the gas 
temperature is defined as the following integral: 

5, 

T = ~ T ( [ 3 )  d~8~ (16) 

0 

In ca lcula t ing  the gas  t e m p e r a t u r e  f rom (16) and 
(15), we use the following fo rmulas :  

6 

f f(z--~ N) a o ( z - ~  N) d~ = 
0 

6N 

N a~  = 
u 

_ _I___N % (z) i ~ (e) d e - -  
0 

z--6N 

__ i N  % ( z - 6 N )  ~ f(e)  d e  

0 

(17) 

and 

6 

~ % ( z - - ~ N - y N ) f ( z - - ~ N - - y N ) d ~ =  
0 

z - -vN 

---I%(z--YN)N ~ [ ( O d e - -  
0 

z - -yN--SN 

N <r o ( z - - v N - - 6  N) f(s)ds. 
0 

(17') 

Substituting (15) into (16) and using (17) and (17'), 
we finally obtain 

T Q~k • 
pc(1--f)N ~1 

x. % (z - -  61 N) (z - -  51 N - -  x) exp ( - -  x - -  g) 
I - - -N 

N (N -- 1) 2 

! 
N - - 2  exp ( - -  g - -  "r)/ Io(2V yT--)dT-- 
(N - -  1)3 J 
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- ~o (z z - ~) 
exp (-- �9 --y) 

1 - - N  

1 " 

N(N 1) * 

N - - 2  
(N -- l) ~ • 

3< exp( - -  g - - ~ ) ]  lo(2 Vy-~)d'~ + %(z --yN) X 

•  i - - - ;  - (u-l),  + 

1 + 
( N -  1) ~ 

z - -  y N  - -  6i  N 
- -  o o ( z  - -  6x  N - -  yN )  1 ~ N 

- -  ( N  - -  1)  ~ " ( 1 8 )  

F o r  the c a s e  of a s o u r c e  in the f o r m  of a d e l t a  func -  
t ion in Eq. (12), i. e . ,  fo r  s y s t e m  (12 ) - (2" ) ,  we ob -  
t a in  the t e m p e r a t u r e  of the m a t e r i a l  in the fo l lowing  
form: 

(2~ (z--  I~ N) exp (-- g - -  ~) 
t(~) , o c ( t . - f l  oo N-- 1 

+ 

I < exp -- y N 

+ N2(1 --N) > 

/ ~ -  d T +  
;< ~0(2 V~)  V T 

+ a 0 (z - -  ~ N) exp[ - -  y - -  (z - -  ~ N)] • 

h(2 V y ( z - ~ )  , / z - - ~ g  y.. 
N ] /  y =  

- -% (z - -~N- - yN) •  

F o r  the c a s e  of hea t  g e n e r a t i o n  in a zone of width 
61 in ana logy  with  (16) we ob ta in  

t =  [ t(~) -d[~ (20) 

o 

A f t e r  the  c a l c u l a t i o n s  we wi l l  have  

{ 7] % (z - -  61 N) (z--  6~ N --- ~) ex~p ( 1  ~ -- 9) 
0 t - - N  

(N --  1) 2 N 

N - - 2  

(N -- I)' 
exp ( -  y -  ~) ] 11 (2 V~)  • 

• E 
d 

exp (i_ T -- g) 

I - - N  

(N - -  1) ~ N 

N - - 2  ] 
- - - ( N - - l )  ~ e x p ( - - y - - ~ )  • 

7- 
• li (2 V-l-T) ~- d �9 + % (z -- yN) x 

~< [ z--gN N 
l - -  N - (N  - -  i)~ [ X 

-=%(z--yN--61N ) x 

• [ z - - y N - - 6 ,  N _ 

[ I - - N  

(oxp[/z 01 ,x 
(N - -  l )  ~ 

(21) 

Figure 2 shows the resul ts  from the calculation of 

the gas and mater ia l  temperatures for a heat -genera-  
tion zone of finite width for a single instant of time 
(N < 1). 

In p r i n c i p l e ,  i t  i s  p o s s i b l e  to c a l c u l a t e  the t e m p e r a -  
t u r e  f i e ld  in the l a y e r  fo r  any  h e a t - g e n e r a t i o n  law ~(fl) 
o v e r  the width  of the zone ,  but fo r  th i s  we m u s t  have  

61 

.f q~ (fi) d [5 = 1. (22) 
0 

From (22), given uniform heat generation in the 
zone, we have 

I 
(p ([i) ---- const ----- - -  . 

61 

In the general case, if we represent  q~(fl) as propor-  
tional to fin, from (22) we have 

n §  t = O~k • 
pc(1 --f)81N 
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and the gas t e m p e r a t u r e  will  be 

6, 

0 

The t e m p e r a t u r e  of the m a t e r i a l  is de te rmined  in 

analogous fashion. 
F igu re  2 shows the t e m p e r a t u r e  curve  for the m a -  

t e r i a l  through the height of the bed in the ease  of heat 
genera t ion  propor t iona l  to the d i s tance  f rom the l ead-  
ing edge of the zone. We see f r o m  the f igure  that the 
t e m p e r a t u r e  max imum is m o r e  pronounced in this 
ease;  in f ront  of the hea t -gene ra t ion  zone the t e m p e r a -  
ture  is higher  than the t e m p e r a t u r e  in the ease  of uni-  
fo rm heat generat ion;  beyond that zone, however ,  it 

is lower.  
w In the genera l  ease ,  when the layer  was heated 

p r i o r  to the onset of the p r o c e s s  of fuel burnout so 
that when z = 0, t =7tY), and the a i r  en te r s  the l ayer  
at a t e m p e r a t u r e  T 0, the solution will  be the sum of 
the f a m i l i a r  Nusse l t  solut ion [5] and the one de r ived  in 

w 

NOTATION 

T and t are the temperatures of the gas and mate- 

rial; 0 = Tpc(1 - f ) / Q C k  and d = tpc(1 - f ) / Q C k  a re  
the d imens ion l e s s  t e m p e r a t u r e s  of the gas and m a t e -  
r ia l ;  x is the bed height; ~- is the t ime;  cp is the heat 
capaci ty of the ma te r i a l ;  Cgpg is the heat capaci ty  of 
the gas; f is the poros i ty  of the bed; v is the gas ve-  

locity in the bed; w c is the velocity of the burning 

front; W c and W m are the water equivalents of the gas 

and material; (x v is the volumetric coefficient of heat 

transfer between the gas and material; QC is the calo- 

rific value of the fuel in the bed (with account for its 

burnout ratio and heat flow rate for structural trans- 

formations); k is the fuel concentration; 5(~- - x/w e 

is the del ta-funct ion;  y = C~vX/Vegpgf (fl = avXo /Vegpg f )  
is the d imens ion less  height; z = ~v~-~/pc(1 - f )  is the 
d imens ion less  t ime;  Iv(2(yT)l/2) is the modif ied B e s s e l  
function of the f i r s t  kind, of o rde r  v; A is the width of heat 
genera t ion  zone; 51 = ~ v A / v e g p g f  is the d imens ion less  
width of the heat genera t ion  zone; ~(fl) is the law of 
heat  genera t ion  over  the zone width. 

REFERENCES 

i. G. A. Fateev, collection: Heat and Mass Trans- 
fer in Capillary-Porous Bodies [in Russian], Nauka i 
tekhnika, Minsk, 1965. 

2. A. Anzelius, Z. angew. Math. und Mech., 6, 
291, 1926. 

3. A. N. Lur'e, Operational Calculus [in Russian], 
Gostekhizdat, 1951. 

4. D. Ivanenko and A. Sokolov, Classical Field 
Theory [in Russian], Gostekhizdat, 1949. 

5. W. Nusselt, Verein dtsch. Ingr., 71, 85, 1927. 

13 February 1967 Institute of Metallurgical 

Heat Engineering, Sverd- 

lovsk 


